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fides j and the clear water only is from the furface of 
the bafon let out into the pits. 

If there be any thing, wherein I may further fa- 
tisfy your lord {hip's inquiries in this or any other 
matter, your commands mail moft chearfully be 
obey'd by 

Your lordfhip's much obliged, and 

moft obedient humble fervant, 
William Henry. 

XIII. The ConfiruEiion of the logarithmic 
Lines on the GunterV Scale- by Mr. 
John Robertfon, F. R. S. 

Read June l3 'T TAVING lately had occafionto treat 
1752 JLjL on tne conflruction of the Gunter's 
fcale, I fearched feveral books, wherein I fufpedted 
were contained the reafons of the common methods 
of laying down the logarithmic lines ufually put on 
thofe fcales : but not finding, either from my own 
fearch, or that of my friends, any fatisfa&ory account 
of this matter, I drew up the following paper, to 
be laid before the Royal Society. 

The Gunter's fcale * is an inftrument almoft uni- 
verfally known, and amply defcribed by many writers j 

therefore 



* So called from its inventor Mr. Edmund Gunter, aftronomy- 
profeflbr in Grefham-College, from March 6, 16 19, till his death, 
Dec. 10, 1626. 
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therefore I mall not take up your time in ufelefs re- 
petitions, but only mew, on what principles the di- 
visions of the logarithmic fines, tangents, and verfed 
fines, are ufually protracted. 

The line of numbers on thefefcales confifts of two 
equal lengths, commonly called two radii j the firft 
containing the logarithms of numbers from 10 to 
ioo j and in the fecond are inferted thofe between 
loo and 1000, or fuch of them, as can conveniently 
be introduced. 

Thefe diviiions are taken from a fcale of equal 
parts; fuch, that ioo make the length of one radius j 
and from this fcale, the divifions for the fines, tan- 
gents, and verfed fines, are alfo taken. Now, from 
this conftrudtion of the line of numbers, it is plain, 
that, as the numbers in one radius exceed thofe in 
the other, by one place in the fcale of numeration j 
therefore the difference of their indices muft alfo be 
unity : Co that fuch numbers only, whofe index dh> 
fers by i, can be eftimated in a length of two radii: 
but, in a length of three radii, numbers, whofe in- 
dices differ by 2, may be read j and a difference of 
3 may be reckon'd in a length of 4 radii, &c. The 
tables of logarithmic fines, tangents, fecants, and verfed 
fines, are generally computed for a circle^ whofe ra- 
dius is 10,000,000: therefore, 
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Now, as the length of the Gunter's fcale admits 
of no more than two radii, or of fuch numbers only, 
whofe index differs by unity $ therefore, within this 
length, no more of the fines, tangents, or verfed fines, 
can be introduced, than thofe, whofe index differs by 
Unity : And as not only the greateft number among 
the fines and tangents, but alfo thofe more generally 
wanted, have the indices o and 8 differing by unity ; 
therefore all the fines from $o° to o° 34', and all the 
tangents from45° t0 °° 34', 'are thofe only, which 
are put on thefe fcales; the divifions anfwering to 
the lefler fines and tangents being omitted for want of 
room. And this is the reafon, why the fine of 90 , 
and the tangent of 45"°, are limited by the fame ter- 
mination as the fecond radius on the line of numbers. 

To conftruSl the line of logarithmic fine?. 

From the fcale of equal parts, take the numbers 
exprefling the arithmetical complements of the log, 

fines 
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fines of the fucceflive degrees, and parts of degrees, 
intended to be put on the fcale, defcending orderly 
from qo° : then thefe<liftances fucceffively laid front 
the mark reprefenting po° at the right-hand end of 
the fcale, will give the feveral divifionsof a fcale of lo- 
garithmic fines. 

For, the ends of any fcale being afiigned, the pro~ 
greflive divifions of that fcale are laid thereon from 
that end, which reprefents the beginning of the pro- 
greflion: or, the fam£ divifions may be kid from the 
other end, by taking the complement of the terms 
to the whole length of the fcale : 

Confequently jhe arithmetical complements of the 
fines are to be laid from the divifion reprefenting 9a 
degrees. 

To confiruB the line of logarithmic tangents, 

Thefe are laid down in the fame manner, and for 
the fame reafons, that the fines were; the tangent of 
47 ° ftanding agpinft the fine of 90*. 

The divifions for the tangents above 47°, are rec- 
koned on die fame line from 45* towards the left- 
hand ; or any tangent and its co-tangent are exprefied 
by the fame divifion. 

Thus one mack ferves for 40? and fo« ; and the 
divifion at 30 ferves alfo for 60" $ that at 20* ferves 
for 70°, &£. and the like is to be underftood of the 
intermediate divifions. 

For, as the tangent of an arc, is to radius j 

So is radius, to the co-tangent of that arc. 

Therefore the tangent is equal to the fquare of 
radius divided by the cortangent. 

N 2 Ani 
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And the co-tangent is equal to the fquare of radius 
divided by the tangent. 

Now the radius being unity, its fquare is alfo unity. 

Therefore the tangent and co-tangent of any arc 
are the reciprocals one of the other. 

But the reciprocals of numbers are correlatives to 
the arithmetical complements of their logarithms. 

Therefore the logarithms of a tangent and its co- 
tangent are arithmetical complements one of the 
other j and confequently will fall at equal diftances • 
from 4$ degrees. 

Therefore, in the line of logarithmic tangents, the 
divifions to degrees under 45 ferve alfo for thofe 
above ; both being equally diftant from 47 degrees. 

To conftruB the line of logarithmic verfed fines* 

As the greateft number of degrees will fall withir* 
the limits of the fcale by beginning at i8to 9 j there- 
fore the termination of this line is at 180 , which is 
put againft po° on the fines : and altho' the numbers 
annexed to the divifions increafe in the order from 
Tight to left, yet they are only the fupplements of the 
verfed fines themfelves: 

Now fubtract, the logarithmic verfed fines of fuch 
degrees and parts of degrees as are intended to be put 
on the fcale, from the logarithm verfed fine of 180°'; 
then the remainders taken from the fbrefaid fcale of 
equal parts, and laid fucceflively from the termination 
of this line, will give the feveral divifions fought. 

The following table to every 10 degrees was con- 
ftru&ed in the foregoing manner, and are the numbers 

to 
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to be taken from the fcale of equal parts, for the de- 
grees they fland againft. 
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from this table it appears, that the leaft verfed 
fine, which can be introduced within the length of 
a double radius, falls between io° and 20 , where 
the index changes from 1 to 2 j which will happen 
about n° 28'. 

If a table of logarithm verfed fines to 1 8o°are want- 
ing, they are eafily made by the following rule. 

Take the logarithm fine of 30 degrees from twice 
the logarithm fine of(iV)any number of degrees; 
the remainder is the logarithm verfed fine of 
(aiV, or) twice thofe degrees." 

For it bz well-known goniometrical property, that 
the fine of any arc (A) is a mean proportional be- 
tween radius (R) and half the verfed fine of twice 
that arc. 

Therefore, putting v for the verfed fine, and s for 
the fine; 

The 



[ 102 ] 

V R R / 

s s A x \ $ radius being i o. 

Or the log. v zA=i log. sA— log. f. 

But when radius is 10, the fine of 30 is f . 

Therefore the log. v %A**i log. sA — log. fine 
of 30 . 

Moft of the writers on this fubjecl: give the follow- 
ing rule for laying down the divisions of this line : 

From the line of logarithmic fines, take the di- 
ftance between 90 w and any arc ; that diftance 
being twice repeated, from the termination of 
the line of verfed fines, will give the divifion 
for twice the complement of that arc." 

Thus the diftance between 90 and 20° on the 
fines twice repeated, gives the verfed fine of 140° j 
or twice 70°, die complement of 20 . For the di- 
vifions, to be laid on this line, are the differences be- 
tween the logarithm verfed fine of 180 , and the 
logarithm verfed fines of the fucceflive arcs. 

Now the difference between the logarithm verfed 
fines of 180 , and of any arc 2 A, is logi ver. fine 
180 — 2 log. fin. A-\- log. fin. of 30 . 

Or, 10,30103 -f- 9,69897 — twice log. fin. of A. 

Or, 20,00000 — twice logarithm line of A. 

Or the arithmetical complement of twice logarithm 
fine of A. 

That is, the difference between the logarithm verfed 
fine of 180 , and the logarithm verfed fine of any 
arc, is equal to double the arithmetical complement 

of 
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of the logarithm fine of half that arc, feje&ing the 
Indices. 

But, as thefe differences give the divifions to the 
fupplements of the real verfed fines j therefore the 
arithmetical complement of the logarithm fine of any 
arc being doubled, will give the diflance of the di- 
vifion for the fupplement of twice that arc on the 
line of verfed fines. 

Thus, for yo°, the logarithm fine is 9>972QO 
The arithmetical complement is 0,02701 

Its double is 0,07402 

Which is the number in the foregoing table ftand- 
ing againft 140 , and is the fupplement verfed fine 
of twice 70 degrees. 

Now, as the arithmetical complement of the log, 
fines of arcs, are the diftances on the line of fines be- 
tween 90 , and the divifions to thofe arcs j there- 
fore the distances between 90° and any arc, being 
twice repeated, will give the divifion of the fupple- 
mental verfed fine to twice the co-fine of that arc. 



XIV. A Letter from Mr. John Dollond to 
Mr. James Short, P,R.S, concerning an 
Improvement ^refrafting Tdefcopes. 

SIR. 
Read March i, T T is well known, that the perfect 
l 7Sh JL ^Jqu of refrading telefcopes is very 
much limited by the aberration of the rays of light 
from the geometrical focus; which arifes from two 
very different caufes j that is, from different de- 
grees 



